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Abstract 
In this study, we examine the efficiency and reliability of 
a Bayesian calibration setup using temperature point 
measurements. Hamiltonian Monte Carlo sampling is 
found to be significantly more efficient with regard to 
convergence of the posterior distributions, which is as-
sessed using different visual and quantitative measures. 
The examination of posterior realizations from different 
data sets and different prior distributions reveals that in-
ference about model parameters is in general quite relia-
ble, while learning about the magnitude of different error 
terms, such as model discrepancy and random errors, 
proves to be more difficult. Finally, predictive simulation 
results based on these inferred posterior distributions are 
generally in good agreement with measured data.  

Introduction 
Recent years have seen an increasing use of Bayesian cal-
ibration (BC) approaches in building energy modelling, as 
they allow consideration of different sources of uncer-
tainty in both the model and input parameters (Heo et al., 
2014; Li et al., 2016; Tian et al., 2016). Another ad-
vantage of BC approaches is that they allow inference 
about model parameters and predictive simulation, when 
a small amount of measured field data (approx. 10-30) is 
available for calibration (Omlin & Reichert, 1999). In the 
current literature, models are most often calibrated against 
aggregated outputs (such as monthly energy use) (Heo et 
al., 2012), where extreme model or parameter behaviour 
is often cancelled out due to data averaging. In this paper, 
we address this problem by examining cases, where point 
measurements, such as temperatures, are used as field ob-
servation points, instead of aggregated data as in most 
previous studies. In such cases, outliers might have a sig-
nificant effect on the calibration results – especially when 
only a small number of data points are used for calibra-
tion.  
In addition, Bayesian calibration or inference approaches 
typically employ Markov Chain Monte Carlo (MCMC) 
sampling strategies, which have a very low acceptance 
rate for the Metropolis-Hastings criterion and thus a slow 
convergence for multi-dimensional parameter spaces 
(Gelman et al., 2014). As building energy models com-
monly have many unknown parameters, the number of it-
eration steps required to achieve convergence for a high-

dimensional parameter space is likely to affect the ap-
plicability of this calibration method in terms of compu-
tational time (Berger et al., 2016).  
In this study, we address the problem of extensive com-
putational time by for the first time employing Hamilto-
nian Monte Carlo (HMC) in the calibration framework 
and test its performance against standard random walk 
MCMC, which was employed by most previous studies. 
A comparison of different sampling methods requires as-
sessment of the convergence speed of the samples to-
wards the target distribution. Measures for evaluating the 
numerical convergence have so far not been applied to ex-
amine the reliability of calibration results in BC routines 
in the context of (building) energy models. Typically, the 
first several thousand of a vast number of performed sim-
ulation runs are rejected to allow for a certain level of con-
vergence, but without systematic assessment. In this pa-
per, we address the issue of convergence control by em-
ploying different visual and quantitative convergence 
measures for the Monte Carlo (MC) iterations. We also 
compare the applicability of the different convergence 
measures regarding the level of convergence required to 
obtain reliable calibration results.  
We apply the Bayesian calibration framework developed 
by Kennedy and O’Hagan (2001) on a ground source heat 
pump system modelled in TRNSYS, and use measure-
ments of the load side temperature to calibrate the model 
and to infer uncertain model parameters. Different field 
data sets are used in order to investigate the role of outliers 
and different field data trends in the BC approach. In ad-
dition, we examine the reliability of the BC framework for 
the first time in detail with regard to its ability to infer 
unknown model parameters and different model error 
terms, and predict model outcomes by posterior simula-
tion.  

Methodology 

Bayesian calibration framework 
In this automated calibration process, Bayesian inference 
is used to obtain the probability distributions for unknown 
model parameters while accounting for uncertainty in pa-
rameters, data and the model. The approach is based on 
Bayes’ paradigm (eq.1), which relates the probability p of 
an event (or parameter value, θ) given evidence (or data, 
y), p(θ|y), to the probability of the event, p(θ), and the 
likelihood p(y|θ) (Gelman et al., 2014): ���|�� ∝ ���� × ���|�� (1) 
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Eq. (1) allows us to combine our prior belief about an 
event and evidence about this event, i.e. measured data, to 
update our belief and quantify it in form of posterior prob-
abilistic distributions.  
Kennedy & O’Hagan (2001) formulated a comprehensive 
mathematical framework (KOH framework), which ap-
plies Bayes’ paradigm to the model calibration process 
using the relationship in eq. 2: �	�
� = 	�
� + � = ��
, �� + ��
� + � + �� (2) 

Here yf are field observations; ζ is the true physical pro-
cess that cannot be observed; ε represents the measure-
ment error; η(x, θ) is the model outcome, which depends 
on the state variable x (e.g. outdoor temperature) and the 
unknown model parameter(s) θ; δ(x) is the discrepancy 
between the model and the true process, and εn is the nu-
merical error term.  
To obtain an approximation of the posterior probabilistic 
distribution of the unknown model parameters, repeated 
model evaluations with iterative sample draws are re-
quired. As most building simulations are computational 
expensive, it is more convenient to use an emulator in-
stead of the original model. In accordance with previous 
studies (Kennedy & O’Hagan, 2001; Heo et al., 2012) we 
use Gaussian processes (GP) to emulate the simulation 
outcome η(x, θ) and the model discrepancy function δ(x). 
GP models are a generalization of nonlinear multivariate 
regression models and quantify the relation between indi-
vidual parameters and the model outcome by a mean and 
covariance function. Typically, GP models are assigned a 
zero mean function and the covariance matrix for the em-
ulator term η(x, θ) is specified in the form of (Higdon et 
al., 2004) (eq. 3):  

Σ���,�� = 1�� exp	�−� �,!"
�! − 
�!#$%
!&'

− �  �,%(!)"��!) − ��!)#$*
!+&' ,	 

(3) 

This formulation introduces several unknown hyper-pa-
rameters to the calibration process: the precision hyper-
parameter λη and a set of correlation hyper-parameters βη, 
with the number of βη depending on the number of state 
variables x and unknown model parameters θ.  
The covariance of the GP for the model discrepancy term 
is formulated in the same manner as for the emulator term, 
but simplified as it only depends on x. Thus, the hyperpa-
rameter λb represents the precision of the covariance of the 
model discrepancy term, and the hyper-parameters βb, one 
for each variable x, specify the correlation strength and 
the smoothness of the model discrepancy function. The 
other two error terms, ε and εn, are included as unstruc-
tured error terms (see eq. (2)). The random error terms do 
not depend on x, and are correspondingly specified solely 
by precision parameters λe and λen.  
These hyper-parameters are also uncertain terms in the 
calibration process. We assign to them prior distributions 
following suggestions made in previous studies (Higdon 
et al., 2004; Heo et al., 2012):  
 

λη Gamma (10, 10) 

λb Gamma (10, 0.3) 

λe Gamma (10, 0.03) 

λen Gamma (10, 0.001) 

βη Beta (1, 0.5) 

βb Beta (1, 0.4) 

These are Gamma distributions, specified by a shape and 
scale parameter. One assumes that the error terms are 
small, and hence these priors are skewed towards large 
values. We define prior Beta distributions for the correla-
tion hyper-parameters, βη and βb, expecting strong and 
smooth correlations across the contour state x. Indeed, pri-
ors on βη would depend very much on the expected varia-
tions in the model outputs with respect to x. Priors on βb, 
on the other hand, indicates the ability of the model dis-
crepancy function to capture most of the variations in ob-
servations.  
This calibration process updates the range of likely values 
for the calibration parameters and hyper-parameters, re-
ferred to as posterior distributions. For the interpretation 
of the posteriors one has to bear in mind that they refer to 
the standardised model outcome and do not reflect the ab-
solute magnitude of the error terms. These posteriors are 
used to make posterior predictive simulations of the 
model outcome over new values of x in form of interpola-
tion or extrapolation. An overview of the whole calibra-
tion process from parameter screening to predictive sim-
ulation outputs is depicted in Figure 1. 
 

 

Figure 1: Overview of the calibration process. 

Monte Carlo methods 
Most studies applying Bayesian calibration use random 
walk Markov Chain Monte Carlo (MCMC) methods to 
sample iteratively from the joint posterior distribution, 
and employ the Metropolis-Hastings (MH) acceptance 
criterion to accept or reject the new samples, based on the 
posterior density of the current and the previous sample 
set (Gelman et al., 2014). This often poses a problem for 
multivariate, joint distributions, as the chances that one 
multidimensional set of random samples provides likely 
samples in all dimensions, i.e. for all parameters, are very 
low. Thus, the rejection rate in such a sampling process 
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may be quite high and accordingly it may take quite long 
to achieve convergence.  
An alternative to MCMC, which offers a more efficient 
way to sample from a multivariate distribution, is Hamil-
tonian Monte Carlo. It is also called Hybrid Monte Carlo 
as it combines elements from stochastic Monte Carlo 
sampling with deterministic modelling of molecular par-
ticle dynamics (Duane et al., 1987; Neal, 2011). Instead 
of making one multivariate sample draw per iteration, 
HMC moves through the discretized multidimensional 
parameter space in several so-called leapfrog steps per it-
eration. Each sampled parameter is assigned an auxiliary 
momentum variable, which is updated at the same time, 
to enable a simultaneous evaluation of the parameter’s po-
sition (i.e. value) and momentum. The momentum varia-
ble is related to the gradient of the posterior density. This 
process reflects the decomposition of a particle’s total en-
ergy into potential and kinetic energy, and allows the 
identification of areas in the parameter space, where the 
amount of potential energy, and hence also the posterior 
density, are favourable. At the end of each iteration step, 
the MH acceptance criterion is applied to the vectors of 
sampled parameter values and momentum variables (Gel-
man et al, 2014).  
We implement the Bayesian calibration framework with 
MCMC in Matlab, and use the STAN software (mc-
stan.org) for the application with HMC. STAN employs a 
locally adaptive HMC with a no-U-turn sampler, which 
further enhances the performance of HMC by using the 
first iterations to optimize the tuning parameters, such as 
the discretization step size and the number of leapfrog 
steps per iteration (Carpenter et al., 2016). 

Convergence measures 
There exist different methods and measures to assess 
whether samples obtained from iterative simulations have 
converged to a representative approximation of the target 
(posterior) distribution. Typically, posterior simulation 
requires the evaluation of several sample sequences, 
called chains, with different random starting points in the 
parameter space. We employ an often-used visual method 
by inspecting the traceplots of the samples with increasing 
numbers of iterations and assessing the mixing between 
the different chains as well as stationarity of each individ-
ual chain, which indicate whether the chains cover the 
same common (target) distribution. In addition, we exam-
ine the autocorrelation plots based on the evaluation of the 
Markov chain criterion, which states that in a Markov 
chain the value of each new sample depends only on the 
previous sample. Thus, correlation for the samples within 
one chain should be low, but iterative sampling draws typ-
ically exhibit strong within-sequence correlations. While 
strong autocorrelation of posterior samples does not nec-
essarily indicate a lack of convergence, it can have strong 
impact on the precision of predictive simulations (Gelman 
et al, 2014).  
A frequently used quantitative measure to assess the con-
vergence of iterative samples is the potential scale reduc-
tion factor, also known as -. (Gelman & Rubin, 1992). We 
use this measure to assess the mixing of several chains by 
comparing the variance of samples within each chain, to 

the variance between the chains using the average of all 
samples within each chain. It is based on the consideration 
that for converged samples the covered distribution within 
each chain should be equal to the overall distribution cov-
ered by all chains and consequently all samples. Thus, a -. value of 1.0 indicates very good convergence, and val-
ues below the threshold of 1.1 are typically assumed to 
indicate sufficient convergence for inference purposes. 
However, it should also be noted that proving conver-
gence of iterative samples is not straightforward, and a -. 
value of 1.0 does not guarantee that parameters are con-
verging towards the target distribution. (see Gelman et al., 
2014).  

Data and modelling approach  
For this study, we set up a model of a heat pump as part 
of a ground source heat pump system in TRNSYS and fo-
cus on its operation in cooling mode. We perform a sen-
sitivity analysis on the model using Morris method (Mor-
ris, 1991) to identify the most influential model parame-
ters for the load side outlet temperature as quantity of in-
terest, as it was shown to provide reliable results with a 
low computational effort for this type of model (Menberg 
et al., 2016). Within the most important parameters, we 
select those that are uncertain (θ): load side fluid specific 
heat [kJ/kgK] (θ1), rated cooling capacity of the heat 
pump [kJ/hr or W] (θ2), source side flow rate in the heat 
pump [kg/hr] (θ3), and load side flow rate in the heat pump 
[kg/hr] (θ4). 
All four uncertain parameters are assigned a normal prior 
distribution, which is a common choice for an informative 
or weakly informative prior (depending on the chosen 
variance). In an initial calibration run, all four parameters 
are assigned the same prior distribution N(0.5, 0.16) with 
respect to their normalized ranges in (0,1). The parameter 
values for the specific heat of the cooling fluid and the 
rated cooling capacity can be estimated based on the doc-
umentation of the system specifications and are assigned 
a range of ±10%. As we are less certain about the true 
values of the flow rates, we assign a range of ±20% 
around the estimated mean values. 
The load side inlet temperature of the heat pump repre-
sents an important input to the TRNSYS model and is se-
lected as contour state variable x for the calibration pro-
cess. Measured data for the inlet and outlet temperatures 
of the heat pump of the GSHP system of the Architecture 
Studio at the University of Cambridge is available as 15 
min interval data for a period of two years. We select dif-
ferent data sets from the vast number of measurements 
available to be able to examine the influence of outliers 
and different data trends on calibration results. The data 
points were selected based on detailed statistical inspec-
tion of the total available data and refer to periods when 
the system was steadily operating at full or partial load 
capacity, but exclude any effects from turning the system 
on or off as measurements from the first two hours of each 
operation period are disregarded. By selecting these sub-
sets of hourly data instead of using time-series data, the 
approach ignores time correlation of the measured data. 
The effects of time-dependency are expected to be very 



Proceedings of the 15th IBPSA Conference
San Francisco, CA, USA, Aug. 7-9, 2017

1215

small as system components have a very low thermal 
mass and their thermal inertia effect is usually not ac-
counted for in the physical model.  
Each calibration run constitutes a sequence of computer 
simulation results and field data, which consists of 10 
measurement of the load outlet temperature yf at corre-
sponding inlet temperatures xf (Figure 2). For the com-
puter simulation outputs yc, the heat pump model is eval-
uated at the same conditions xc (= xf), where field data is 
available. At each point xc, the model is evaluated several 
times with varying values for the unknown model param-
eters θ using 40 Latin Hypercube samples for each θ cov-
ering a predefined parameter range.  
The assembled field data points and the resulting com-
puter outputs are displayed in Figure 2, which shows the 
different x ranges and different trends for the data sets A, 
B and C. Data set A contains field data with an almost 
linear trend that is entirely covered by the range of com-
puter outputs, while data set B covers the same range of 
x, but has some significant outliers, which at the end of 
the computer output ranges. They are representative for 
cases, in which the general trend in the measured data 
agrees well with the simulation outputs, but random ef-
fects of different magnitudes impact the quality of meas-
urements. Data set C consists of data for higher x values 
with few outliers, but a significant difference between 
field data and computer simulation results.  
This data sets relates to scenarios, in which the general 
trend of field and simulation data is quite different, indi-
cating that the model might not sufficiently represent 
some of the underlying physical effects. In our case, this 
data refers to summer days with quite hot temperatures in 
the heat pump inlet and outlet fluids, which are on the ex-
treme ends of the specified part load curves of the heat 
pump model. 

Results and Discussion  

Convergence with MCMC and HMC 
The number of iterations needed for sampling from the 
posterior distribution is significantly lower with Hamilto-
nian Monte Carlo (HMC) than with random walk Markov 
Chain Monte Carlo (MCMC). On average, for the heat 

pump model in this study, 1000 HMC iterations are suffi-
cient to achieve a very good convergence with -. values 
around 1.05 for all calibration parameters and most of the 
tuning parameters related to the locally adaptive HMC 
process.  
The time needed for each single iteration, however, is sig-
nificantly higher with HMC. One MCMC run took about 
0.17s, compared to one HMC iteration of ca. 4.8s. This is 
partly due to the more complex calculations within an 
HMC iteration, but also possibly related to manner in 
which STAN is set up. The algorithms used in STAN for 
calculating the Cholesky decomposition of the covariance 
matrices of the Gaussian processes are less efficient than 
in MATLAB, which was used for the MCMC evaluations.  
Nevertheless, the lower number of iterations required for 
convergence with HMC more than compensates this inef-
ficiency, as MCMC often requires more than 50,000 iter-
ations to achieve good convergence for our calibration 
runs. In addition to the different sampling strategies, the 
number of observations and uncertain parameters, as well 
as the type of data set and prior distributions, also signif-
icantly influence the number of iterations needed to 
achieve convergence. Another important issue is of 
course the efficiency of the Matlab or STAN code itself, 
which is not considered in this example.  
To assess the convergence of the calibration runs with 
MCMC and HMC we employ traceplots for parameter 
values, autocorrelation plots and the -. value. Figure 3 
shows the corresponding graphs for the GP precision hy-
perparameter of the random error λe, which often conver-
gence very slowly, from an evaluation of data set B with 
10,000 MCMC iterations. The first 5000 iterations are 
discarded as burn-in and are not shown in the traceplot 
and autocorrelation graph.  
The traceplots for six sample chains show a good mixing 
between the chains and a stationary trend of parameter 
values within in the chains (Figure 3). Thus, these plots 
suggest that the chains cover the same distribution for ran-
dom error λe in the GSHP model, and accordingly one can 
assume good convergence. 
 

 
Figure 2: Measured field data and simulated computer data for three data sets A, B, and C showing the different tem-

perature ranges and trends of each data set. 
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Figure 3: Example for different convergence measures applied to the posterior results for the random error parameter 

λe with MCMC sampling. 
 

The autocorrelation plot shows a distinct decrease for the 
correlation coefficient with increasing lag size and the 
bottom plot of Figure 3 shows that coefficients for a lag 
size > 15 vary mostly between 0.2 and -0.2, which means 
that the samples are mostly independent. The evolution of 
the -. value with increasing iteration number however in-
dicates a much slower trend towards convergence (note 
the logarithmic x scale in the right-hand graphs in Figure 
3). Indeed, the commonly used threshold of -. = 1.1 is not 
yet reached after 10,000 MCMC iterations. Here, the use 
of a numerical threshold has a clear advantage over the 
visual inspection of sample chains for defining that a cer-
tain level of convergence is achieved or not yet reached. 
On the other side, this also raises the question regarding 
the level of convergence (-. < 1.1 or visually mixed 
chains) that is required in order for the calibration to pro-
vide reliable results. We also question the extent to which 
lack of ‘perfect’ convergence with -. < 1.1	 influences 
calibration results. Indeed, in this study even calibration 
runs with a large number of MCMC iterations (>50,000) 
rarely achieve a -. value of 1.1, especially with regard to 
parameters related to the error terms, which results in a 
huge computational effort to reach the recommended 
threshold. 
Therefore, we compare the calibration results, with regard 
to posterior distributions of uncertain parameters and pos-
terior predictive simulations, of the not fully converged 
MCMC evaluation from Figure 3 against converged HMC 
results with -. ≈ 1.0. The comparisons are shown in Fig-
ure 4. The mode values of posterior distributions of un-
certain parameters θ1, θ2 and θ4 for both converged and 
unconverged results shift into the same direction, which 
agrees with our expectations. The posterior distributions 
of θ3 show no change from the prior distribution, which 
indicate either that the prior mode was already close to the 
true value, or that no inference can be made about this pa-
rameter. 
The interquartile range of the converged θ posterior dis-
tributions (θ1: 0.17, θ2: 808, θ3: 149, θ4: 50) is in general 
smaller than for the unconverged results (θ1: 0.22, θ2: 
1060, θ3: 215, θ4: 60). This indicates that convergence 
helps reduce the remaining uncertainty associated with 

the calibration parameters. This difference in uncertainty 
is also reflected in the plots showing the posterior predic-
tive simulations for the emulator η(x, θ) and the model 
outcome y(x), which show smaller standard deviations for 
the fully converged results. The posterior distributions for 
the hyperparameters λ and β are almost identical in both 
cases (not shown). Similar patterns can be observed for 
comparisons between the corresponding converged and 
unconverged results from data set A and C (not shown). 
The overall similarity between the posterior distributions 
and prediction results from converged and not fully con-
verged calibration processes suggests that a value of -. ≈1.0 is not strictly necessary to obtain valid calibration re-
sults. Finally, the decision about a level of convergence 
should be made based on the desired accuracy of the re-
sults for a specific calibration exercise. 
In general, convergence issues in this framework seem to 
occur most often for hyperparameters relating to error 
terms. This observation may be linked to the fact that pri-
ors on random errors are generally set to be quite low – 
not because random errors are always small, but because 
modellers often do not have good intuition about these.  
Although HMC is clearly more efficient than MCMC, us-
ing HMC does not guarantee good convergence. In fact, 
some calibration runs with HMC exhibit -. values that 
stay constant at a high level or even increase with further 
iterations. Such increasing -. values indicate a diverging 
trend in the individual sampling chains, when for instance 
one chain becomes trapped in a certain area of the param-
eter space, while the remaining chains continue to explore 
other areas of the parameter space. These trapped chains 
are reflected by long, rather flat traceplot lines, and may 
relate to the fact that the HMC sampler is more suscepti-
ble to failures in multi-modal distributions than MCMC 
(Neal, 2011). This behavior was mostly observed for cal-
ibration exercises where one (or more) of the posteriors 
for the error terms were more than an order of magnitude 
off the defined prior distribution. Repeated calibration 
runs with identical settings though might ultimately lead 
to valid results. In addition, one should also remember 
that a -. value close to one does not necessarily mean that 
the posteriors converge toward the target distribution. 
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Figure 4: Posterior distributions for calibration parameters and hyperparameters, and predictions from inferred model 

parameters from converged HMC and unconverged MCMC analysis with data set B. 
 

Inference about calibration parameters 
One of the main objectives of the KOH calibration frame-
work is to make inference about the uncertain model pa-
rameters. Ideally, the inferred posterior distribution 
should also result in the reduction of uncertainty in pa-
rameter values. As the setup is Bayesian, prior distribu-
tions play a significant role in the outcomes (posterior dis-
tributions). The left-hand column in Figure 5 shows the 
posterior distributions for the four calibration parameters 
assuming normal prior distributions N(0.5, 0.16), which 
represent weakly informative priors with a rather large 
spread.  
In order to investigate the influence of priors and test the 
identifiability of the model calibration parameters, we re-
peat the evaluation of the calibration process with a 
slightly different set of priors for all θ. For θ1 we now as-
sign a prior distribution with the same mean value of 0.5, 
but a smaller variance. The new prior for θ2 has a higher 
mean value with a smaller variance than before. θ3 is as-
signed a higher mean value and a higher variance. For θ4, 
the variance of the prior distribution is increased, while 
the mean value is kept at 0.5. 

For comparison, results are displayed in the right-hand 
column of Figure 5. The general trend of posterior distri-
butions remains unchanged – especially in terms of the 
location of the posterior mode value. Small variations in 
the mode values are due to the fact that the posteriors are 
a compromise between the prior and the data.  
Assigning smaller prior variances leads to more distinct 
posterior mode values (see Fig. 4 right-hand side θ1 and 
θ2) and consequently enables more exact inference about 
the unknown model parameters. On the other hand, prior 
distributions with a larger parameter range allow the cali-
bration process to explore a larger range and results in 
slightly different posterior mode values due to the differ-
ence in prior variance as observed in θ4 (bottom Fig. 4). 
θ4 is also the only parameter that shows a significant re-
duction in posterior variance of 0.05 and 0.10, respec-
tively, meaning that through the posterior inference we 
become more certain about the mode value of the load 
side flow rate. The source flow rate, θ3, seems to be en-
tirely unidentifiable with the current calibration setup, as 
both posteriors exactly mimic the assigned prior distribu-
tions.  
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Figure 5: Posterior distribution for calibration parameters given different normal prior distributions for data set B. 

The characteristics given for the posterior distributions assume that they also follow a normal distribution and refer to 
the normalized parameter ranges.  

In general, inference about mode values of the model pa-
rameters provides physically reasonable results. The pos-
terior mode value for the specific heat of the cooling fluid, 
θ1, is close to the value for water, which is in line with our 
expectations. The same applies to the posterior mode of 
rated cooling capacity, θ2, which confirms the information 
from the technical data sheet. 
Regarding the flow rates, θ3 and θ4, we do not have 
enough information about the true value to draw any con-
clusions about the correctness of the posteriors. The un-
identifiability of θ3, however, suggests that the uncer-
tainty in this parameter may be subsumed by other (hyper) 
parameters. As the result of the Bayesian calibration pro-
cess is a multivariate joint distribution for all unknown 
model and hyper-parameters, the posteriors of the θs are 
correlated and they have to be carefully interpreted to-
gether with the posteriors for the discrepancy and error 
terms. 

Inference about model discrepancy term 
In addition to inference about unknown model parame-
ters, the KOH calibration also offers the opportunity to 
assess the magnitude of model discrepancy. Model dis-
crepancy can be most simply described as the inability of 
the model to represent the physical process faithfully. The 
left-hand column in Figure 6 shows the prior and posterior 
distributions of the model discrepancy precision hyperpa-
rameter λb for the data sets A, B, and C. As these posteriors 
were inferred based on the standardized model outcome, 
the precision hyper-parameter does not directly reflect the 
absolute magnitude of the model discrepancy, but de-
pends on the variance in the original model outputs.  
For data sets A and B, the priors and posteriors are iden-
tical, which could indicate that no inference about the 
model discrepancy is possible. Therefore, we apply a dif-
ferent prior, GAM (10, 1), with lower values to λb, but the 
lack of change in the posterior indicates that inference 
about λb with these data sets is not possible (Figure 6, 
right-hand column). The right-hand graph for data set B 
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shows a very small shift in the posterior mode, which is 
may be spurious as there is no consistent trend of shifts in 
comparison to with the case with the first prior and addi-
tional evaluations with a broader range of priors (results 
not shown). This un-identifiability of the model discrep-
ancy is likely to affect the reliability of the inference about 
the unknown model parameters as they are inherently 
linked through the joint multivariate distribution. How-
ever, both posterior distributions for λb from data set C 
show a significant shift to lower λb values than expressed 
by the prior belief. As the covariance of the Gaussian pro-
cess is defined by the inverse of λb (eq. 3), this shift indi-
cates a larger model discrepancy function than expected.  
This observation is in accordance with our expectation 
about the model discrepancies based on the deviation of 
the model outcomes from the measured data for data set 
C in Figure 2. As this deviation takes the form of a rather 
constant offset in one direction, the calibration process as-
signs this to the model discrepancy function. On the con-
trary, deviations of measured and modelled system behav-
iour in varying directions shown in dataset B are absorbed 
by the random error term, as we chose priors on the beta 
hyper-parameters that reflect very rather smooth func-
tions over x for the emulator and the model discrepancy. 
It is also worth mentioning that the other two error terms, 
the measurement error λe and numerical error λen, are 
much larger for data sets A and B than for C (not shown), 
although the measurement and numerical procedures are 
identical for all the data. This raises the question of a po-
tential confounding between the individual error terms 

due to the lack of identifiability of different error sources. 
A detailed discussion of the difficulties associated with 
identifying the model discrepancy term correctly is pro-
vided by Brynjarsdóttir & O’Hagan (2014). In addition, 
in the current calibration framework, the model discrep-
ancy is defined as a structured error term, while the meas-
urement and numerical errors are treated as random er-
rors. Consequently, any structured error will be accounted 
for in the model discrepancy term, independently of its 
original source.  

Posterior predictive simulation 
Another main objective of calibration processes is the pre-
dictive simulation of the model outcome at new contour 
states (x) based on the posterior distributions of the model 
parameters and Gaussian process (GP) hyperparameters.  
Given these GP hyperparameters, we first compare the 
posterior predictive results of the emulator term for the 
different data sets (Figure 7, left-hand column). The em-
ulator based on data set A indicates an almost linear in-
crease in load outlet temperature with increasing load in-
let temperature following the trend given by the simula-
tion outputs. The variation around the mean emulator out-
put is caused by the variance of the posterior distribution 
of the calibration parameters (see Figure 5). It is important 
to note that the displayed standard deviation is the same 
across all x values, as the calibration parameters that af-
fect the variation around the mean (θ1-4, λe, and λen) are 
independent of x (Figure 7). 
 

 

 
Figure 6: Posterior distribution for λb given different gamma prior distributions for data sets A, B, and C. 
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Figure 7: Posterior predictions for the emulator term and the model outcome for data sets A, B, and C. 

 
The emulator of data set B produces a more curved shape, 
in particular in areas, where coverage of the x space is 
poor, such as for high x values. Given the significant gaps 
in the input data the calibration algorithm has less data 
points to rely upon, it tries to best match the few outlier 
points instead of following a linear trend as expected 
given our knowledge about the physical model. 
Thus, larger gaps in combination with outliers play a sig-
nificant role for the reliability of the emulator predictions, 
as the interpolation potential of the approach is limited. 
The trend of the emulator predictions for data set C is 
again almost linear and in line with our expectations, but 
shows a much wider range of uncertainty in comparison 
to the other cases.  
Posterior predictions for the model outcome y(x) shown 
in the right-hand column incorporate outcomes from pre-
dictions from the emulator and the inferred information 
about the model discrepancy (through λb and βb). As men-
tioned above, inference about the model discrepancy for 
data A and B is very limited, which results in a close sim-
ilarity between emulator and y(x) predictions. Yet, ac-
counting for this very small model discrepancy still leads 
to a visible reduction in the standard deviation of y(x), es-
pecially in areas with dense x data points.  
The posterior predictions based on data set B also provide 
a narrow range for potential y(x) values. Some of the field 
data points are far outside the standard deviation, which 
means that they are not captured by the model discrepancy 
term. This is because the rigid structure of the model dis-
crepancy term defined by the correlation hyperparameter 

βb leads to a rather smooth discrepancy function that can-
not capture the frequent deviations from the mean in both 
directions. Instead, these outliers are accounted for in the 
random error term λe.  
The predictions for y(x) based on data set C show the im-
portance of including the model discrepancy term in the 
calibration and prediction process. The model discrep-
ancy function allows for a full compensation of the offset 
between the linear emulator output and the measured field 
data, which results in a very good fit of y(x) to the data 
with a low standard deviation. 

Conclusions 
The comparison of MCMC and HMC sampling strategies 
within the calibration framework shows that HMC ena-
bles much faster convergence, and thus reduces the num-
ber of iteration runs required leading to a significant im-
provement of computational efficiency. From the compar-
ison of different convergence measures, we conclude that 
visual convergence measures require more experience to 
assess the level of convergence, while quantitative 
measures, such as the -., can be easily interpreted. How-
ever, the comparison of fully converged (-. 	≈ 1.0) and 
not fully converged (-. 	< 1.5) results showed that cali-
bration runs with -. values larger than the typically used 
threshold can still hold reasonable and reliable results, al-
beit with slightly larger posterior spreads. Furthermore, it 
is important to remember that even a -. value of 1.0 is no 
guarantee for convergence towards the target distribution 
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In general, the best way to assess convergence is probably 
a combination of quantitative and visual measures, and a 
careful examination of the posterior distribution for all 
(hyper-)parameters with regard to their underlying physi-
cal meaning and plausibility.  
The type of prior distribution for unknown model param-
eters should be carefully considered, as a tight prior might 
prevent the posterior from converging towards the true 
parameter value. On the other hand, wide and uninforma-
tive priors can lead to wider posterior distributions with 
rather indistinct mode values. Ultimately, Bayes’ para-
digm leverages prior knowledge with additional evidence 
provided by data to infer uncertain parameters. Thus, a 
careful evaluation of prior knowledge or belief is needed, 
and in case of lacking or absent prior information and suf-
ficient data points, other databased methods, such as max-
imum likelihood estimation may provide better options.  
Regarding the inference about the model discrepancy 
function two of the three data sets show rather indistinct 
results, which may be related to the dominating effect of 
other error terms. In addition, the un-identifiability of the 
error terms reduces the reliability of the inference about 
all other model and hyper-parameters as they are all in-
herently linked through the joint multivariate distribution. 
Thus, more detailed analysis is needed to quantify the ef-
fect of such unidentifiable parameters on calibration re-
sults. For the third data set, a significant model discrep-
ancy is identified in all evaluations, which corresponds 
well with our expectations based on the field and simula-
tion data. However, more work is needed regarding the 
potential influence and identifiability of the correlation 
hyperparameters βb and the potential confounding be-
tween the different structured and non-structured error 
terms. 
The results for posterior predictive simulations with the 
three different data sets show that good coverage of the 
contour state space is a crucial factor, with data gaps lead-
ing to large variances in the prediction outcomes. Ac-
counting for structured and non-structured error terms in 
the calibration framework allows for compensation of 
model discrepancy and outliers. This then leads to a good 
fit of the predictions to the field data with a narrow band 
of uncertainty around the average predictions. However, 
calibration results do not necessarily represent the ‘true’ 
parameter value or magnitude of the different error terms. 
The results of the described calibration process are joint 
posterior distribution, which typically exhibit strong cor-
relations and dependencies between the individual distri-
butions, and may lead to confounding between parameters 
with similar physical meaning or different error terms.  
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